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Abstract: In the traditional observability method, due to the linearity of the system of 
equations, measurement sets must usually include redundant measurements. This feature 
might be especially problematic in those structures where numerous measurements are not 
possible. To solve this problem and to increase its applicability, the constrained 
observability method was recently presented. One of the main controversial features of this 
procedure is that as most of the structural system identification methods, this technique is 
based on the Euler-Bernoulli beam theory, therefore shear deformation effects are 
neglected in its formulation. Nevertheless, in a number of structures such as deep beams, 
when actual deformations on-site are considered to estimate the mechanical properties of 
the elements, neglecting shear deformation effects can result in serious errors in the 
properties observed. To fill these gaps, after thorough bibliographic research, shear 
deformation is included in a Structural System Identification method (constrained 
observability analysis) and parametric analyses are carried out to evaluate the role that 
shear deformation plays in the structural behavior of structures with different slenderness 
ratios. 
Keywords: Structural system identification, Structural analysis, Stiffness matrices method, 
Shear effects, Constraint observability method. 

                                                                                                                                                   

1. Introduction 
Damages in structures usually produce changes in their structural behavior due to the 
changes made in mechanical properties. In order to identify the effects of these damages, 
Structural System Identification (SSI) might be used. This process is based on a subset of 
measured inputs and outputs (e.g. forces and/or displacements). Inputs can be simply 
obtained by non-destructive tests (the measured structural response under a certain load 
case). Based on the nature of the load, these tests might be categorized as static (see e.g. 
(Sanayei, M et al. (1996) and Abdo, M.A. (2012)) [1, 2] or dynamics (see e.g.  Chao, et al. 
(2014) and Lin, K.C. et al. (2016)) [3, 4]. Also, SSI methods can be classified as a 
parametric [5, 6] or non-parametric methods [7, 8].   

Parametric methods depend on the physical-based models, while in non-parametric ones, 
parameters do not have any physical meaning. In non-parametric methods, parameters are 
identified directly with optimization procedures that minimize the difference between the 
predicted structural response and the measured ones. For parametric SSI methods, a 
mathematical representation of the structural behavior is required. The most common way 
to do this modeling is based on the Stiffness Matrix Method (SMM) [9-12].   
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The details of the main SSI methods proposed in the literature are presented in American 
Society of Civil Engineers, Reston, VA 2013 [13]. Matrix methods of structural analysis 
are universally accepted in structural design. Rapid and accurate analysis of complex 
structures is abled by these methods under both static and dynamic conditions. There are 
many studies related to different SMM methods (e.g. Zarga, D. et al (2019), López-Colina, 
C. et al (2019) Chao, S., et al (2019) [14-16]. Most of these studies are based on either 
Euler-Bernoulli’s beam theory [17] or Timoshenko’s beam theory [18].  

As Euler-Bernoulli’s beam theory approach is based on the plain section deformation 
assumption [19], shear deformations are neglected in this method. The only circumstances 
that this theory stands are the one which shear force is a constant bending moment 
alongside the beam. Although, due to the neglecting value of shear deformation in 
comparison with flexural ones, these effects can be overlooked. Nevertheless, in some 
structures (such as a deep beam) shear deformation effects can play an important role and 
lack considering them should be considered as a modeling error such as any other feature 
in the model assumed with a wrong value [20].  

Timoshenko was the first one who include shear effects in the beam theory which is known 
as the Timoshenko beam theory or first order shear deformation theory [21]. In this theory, 
two different rotations are considered: rotation due to the bending, wb, and rotation due to 
the shear, wr. Besides bending rotation, shear rotation between the cross-section and the 
bending line is allowed in this method. The difference between the two methods in a simply 
supported beam is presented in Figure 1 (Euler-Bernoulli’s beam theory Figure 1.b and 
Timoshenko’s beam theory Figure 1.c).  

Figure 1. (a) A simply supported beam with a zoomed support. (b) Euler-Bernoulli’s beam theory on the beam 
support.  (c) Timoshenko's beam theory on the beam support. 

2. Observability Method 

One of the most common methods of the Finite Element Method (FEM) is the SMM. In 
2D, for SMM based on the Euler-Bernoulli's beam theory, the elemental stiffness matrix 
[k] or tree degrees of freedom (two deflections (u and v) and one rotation (w) at the element 
node, beam element of length L and constant cross-section is: 

𝑘𝑘 =

⎣
⎢
⎢
⎢
⎢
⎡
𝐸𝐸𝐸𝐸

𝐿𝐿
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12𝐸𝐸𝐸𝐸

𝐿𝐿3

6𝐸𝐸𝐸𝐸

𝐿𝐿2

0
6𝐸𝐸𝐸𝐸

𝐿𝐿2

4𝐸𝐸𝐸𝐸

𝐿𝐿 ⎦
⎥
⎥
⎥
⎥
⎤

             (1) 

Where E, A and I are Young modulus, area and inertia respectively. In static structural 
analysis, a statement of the equilibrium conditions together with the strength of materials 
theory leads to a relation between forces and displacements that has the form of a system 
of equations: 

[K]·{δ}={f}                 (2) 
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Where the displacements vector {δ} contains the horizontal, vertical, and rotational 
displacements, the external force vector {f} contains the horizontal forces, vertical forces, 
and moments and the global stiffness matrix [K] contains the stiffness of the beam 
elements. According to the literature, in 1968, Przemieniecki (1968) modified SMM based 
on Timoshenko’s beam theory for the very first time [22]. Stiffness matrix including shear 
stiffness is as follows: 

[𝐾𝐾] =
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                                 (3) 

Unlike the traditional stiffness matrix, a coefficient Ø known as the shear parameter 
appears in some elements of Equation (3). This parameter is as follows: 

∅ =
12𝐸𝐸𝐸𝐸
𝐺𝐺𝐴𝐴𝑣𝑣𝐿𝐿2

   ,         (4) 

Where 𝐴𝐴𝑣𝑣 is the shear area and  𝐺𝐺 is the shear modulus. Also, the coefficient 𝑣𝑣  is Poisson’s 
ratio as shown in Eq. (5). In the denominator of most terms of Przemieniecki’s stiffness 
matrix, the shear parameter Ø can be seen. To fix this problem, Tomas, D. et al. (2018) 
proposed the following change of variable implying a shear parameter Q [20]. This OM 
shear parameter is described as follows (Eq. (6)): 

𝐺𝐺 =
𝐸𝐸

2(1 + 𝑣𝑣)  ,         𝑄𝑄 =
∅

1 + ∅
                                                          (5), (6) 

By replacing the shear parameter Ø by OM shear parameter 𝑄𝑄, the stiffness matrix can be 
upgraded to:  
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       (7) 

Once, the boundary conditions, the applied nodal forces in a certain static load test and the 
geometry are defined, displacements can be measured to observe the unknown mechanical 
properties in the SMM. To do so, an inverse analysis is performed. The known information 
is clustered in a subset δ1and 𝑓𝑓1 of {δ} and {𝑓𝑓} , respectively and the subset δ0 of {δ} and 
a subset 𝑓𝑓0  of {𝑓𝑓} are assumed as unknown information. The equation (2) can be rewritten 
as follows:𝑐𝑐 

[𝐾𝐾∗] · {δ∗} = �
𝐾𝐾00∗ 𝐾𝐾01∗
𝐾𝐾10∗ 𝐾𝐾11∗

� · �
δ0∗
δ1∗
� = �

𝑓𝑓0
𝑓𝑓1
� = {𝑓𝑓} , 

 
(8) 
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In order to collect the unknowns in the left-hand side and the knowns in the right-hand 
side, the Equation (8) is rearranged as:  

[𝐵𝐵] · {𝑧𝑧} = �
𝐾𝐾10∗ 0
𝐾𝐾00∗ −𝐼𝐼� · �δ0

∗

𝑓𝑓0
� = �

𝑓𝑓1 − 𝐾𝐾11∗ δ1∗
−𝐾𝐾01∗ δ1∗

� = {𝐷𝐷},                                             (9) 

  
Where 0 and 𝐼𝐼 are the null and the identity matrices, respectively. To check if the system 
has a solution, the null space [𝑉𝑉] of matrix [𝐵𝐵]  should be calculated and check that 
[𝑉𝑉]𝑇𝑇{𝐷𝐷} =  0. If the equation holds, the system is compatible; otherwise, it has no solution. 
The general solution (the set of all solutions) of the system (9) has the structure [23, 24]: 

{𝑍𝑍} = �𝑍𝑍p� + [𝑉𝑉] · {𝜌𝜌} ,    (10) 
Where �𝑍𝑍p� is a particular solution of the system (10). [𝑉𝑉]. {𝜌𝜌} is the set of all solutions of 
the associated homogeneous system of equations (a linear space of solutions, where the 
columns of [𝑉𝑉] are a basis of this linear space and the elements of the vector {𝜌𝜌} are 
arbitrary real values that describe the coefficients of all possible linear combinations). It 
should be noted that a variable has a unique solution not only when the matrix [𝑉𝑉] has zero 
dimension (it does not exist), but when the associated row in the matrix [𝑉𝑉] is null. Thus, 
the examination of the matrix [𝑉𝑉] and identification of its null rows leads to the 
identification of the subset of variables with a unique solution in vector {Z}. It is interesting 
to note that if all parameters of vector {Z} are not observed from the null space, any 
deflection, force or parameter observed after the initial OM analysis will be used to observe 
new parameters by using a recursive process. For more information, readers are addressed 
to [5, 21, 25-30].  

One of the main flaws of the OM is the linearization of the unknowns as products of 
unknowns are considered as new linear unknowns. This assumption might lead to a 
significant loss of information.  

Lei et al. (2017) found that in OM, the nonlinear constraints among product variables are 
lacking. Based on his work, these observability method characteristics are due to the 
following reasons: (a) the immature end of the recursive steps and (b) the ineffective 
measurements because of redundancy in the measurement sets (the same problem 
appearing in example  1) [31]. By adding some nonlinear constraints to the OM procedure, 
the Constraint Observability Method (COM) solves the main OM’s flaws: the value of the 
solution of the coupled unknowns has to be equal to the product of the single unknowns. 
Hence, the COM first includes nonlinear constraints and then solves the system of 
equations numerically. Therefore, it does not produce any symbolic solution. It is to say 
that OM provides a symbolic solution.  

In this method, variables are categorized in one of the following three categories: (1) 
Coupled variables Vc (Iwj and Qwj from example 1); (2) Single variables Vs1 (I and Q 
from example 1), which already exist in the unknown {Z} vector; (3) Single variables Vs2 
(wj from example 1), which did not exist in the unknown vector {Z} from OM. The new 
vector {Z} is named {Z*}, and it is a combination of vector {Z} and the new single 
variables Vs2. In order to create an objective function for a numerical optimization process, 
Eq. (9) can be rewritten as follow:  

{∈} = [𝐵𝐵∗] · {𝑍𝑍∗} − {𝐷𝐷},   (11) 

Where vector ∈ is the residual of the equations which is a vector with the same number of 
rows of the original matrix [B] and  𝐵𝐵∗ = [𝐵𝐵𝑁𝑁𝑒𝑒𝑒𝑒×𝑁𝑁𝑧𝑧|Ω𝑁𝑁𝑒𝑒𝑒𝑒×𝑁𝑁𝑠𝑠2] is obtained by adding a null 
matrix Ω to the matrix B calculated from the last recursive step of SSI by OM. The size of 
this null matrix Ω is 𝑁𝑁𝑒𝑒𝑒𝑒 × 𝑁𝑁𝑠𝑠2. 𝑁𝑁𝑒𝑒𝑒𝑒  and 𝑁𝑁𝑧𝑧, explain the number of equations and the 
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number of unknowns in {Z} respectively. 𝑁𝑁𝑠𝑠2 explains the number of new single unknowns 
in Vs2.  

The goal of the objective function is determined by minimizing the square sum of the 
residuals, {∈}. To reach a certain level of efficiency in the COM optimization process, 
variables of Eq. (10) should be normalized. The optimization toolbox of Matlab [32] has 
been used to obtain the optimal solution of the objective function. In order to limit the 
computational expenses and the time of the optimization process, the stopping criterion has 
to be defined. In order to reach a certain level of efficiency in the COM optimization 
process, variables of Eq. (11) can be normalized. 

The algorithm for SSI by COM is summarized as follows: 

− Step 1: Apply SSI by OM to analyze whether full observability is possible or not. If so, 
there is no need to apply COM, due to the more computational time in comparison with 
OM. If full observability is not possible, update the input of OM until no new unknowns 
are observable. 

− Step 2: Obtain the equation (9) from the last step of the OM recursive process then 
generates the new unknown vector of Z* including Coupled variables Vc; as well as single 
variables Vs1 and Vs2. 

− Step 3: Add a null matrix [Ω] to the matrix [B] to generate [𝐵𝐵∗], in order to contain Vs2 in 
Z* without violating the system. 

− Step 4: Obtain the normalized unknown parameters. 

− Step 5: Guess the initial values of unknown parameters of the Z* vector, set the bound for 
the solution and solve the optimization process to find the minimized value for the residual 
vector, ∈.  

A summary of the procedure is shown in the flow chart in Figure 2. For more information 
about the COM, the reader is addressed to Lei.et al. (2017) [31]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 2 Flow chart of structural system identification by COM [26] 
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The majority of SSI methods are based on the Euler-Bernoulli beam theory. Originally, the 
traditional COM method was not able to consider the effects of shear in measurements. 
Neglecting this deformation can be assumed as a modeling error, an error in the 
mathematical model. Emadi et al (2019) updated the equations to the procedure proposed 
for OM by Tomás et al. (2018) [20, 26]. With this new updated method, the problem of 
linearization in OM variables is solved and equations related to shear stiffnesses are taken 
into account. Therefore, now it is possible to evaluate the effects of neglecting shear 
deformation in traditional COM procedure since these effects were not considered in the 
formulation of the method. With this aim in the upcoming section, the effects of shear 
deformation are studied to show the important role that these effects can play in some 
structures. 

3. Actual Vertical Deflection in Direct Analysis 

For most structures, shear effects are usually much smaller than the flexural effects, so 
neglecting the shear deformation is not an important issue. However, deformation due to 
the shear might play an important role in some structures. In order to compare the effect of 
deformation due to bending and shear, a sensitivity analysis performs by a simply 
supported beam and a cantilever beam under the concentrated and uniform load, results are 
compared in different examples. 

3.1 Example 1: simply supported beam with a concentrated load 

Consider a simply supported beam with 3 nodes and 4 Timoshenko beam elements as 
shown in Fig. 3. Beam has a constant cross-section and the value of young modulus, 
Poisson ratio, shear area, cross-sectional area and inertia of all elements along the beam 
are constant. Young’s modulus is 𝐸𝐸 = 27000 𝑀𝑀𝑀𝑀𝑀𝑀 and Poisson’s ratio is 𝑣𝑣 = 0.25. beams 
have rectangular cross-sections 1 m deep (ℎ = 1 𝑚𝑚) and 0.1 m wide (𝑏𝑏 = 0.1 𝑚𝑚), so the 
area is 𝐴𝐴 = 0.1 𝑚𝑚2 and the Inertia is 𝐼𝐼 = 0.008 𝑚𝑚4. The properties of this simply supported 
beam are listed in table 1. The boundary conditions of the structure are horizontal and 
vertical displacements restricted in node 1 and vertical displacement restricted in node 3 
(this is to say, u1=v1=v3= 0) and the only external force applied is a concentrated vertical 
force in node 2 of 100kN (V2= 100kN). 

 
Figure 3. Example 1. FEM for a simply supported beam. 

Table 1: Properties of the FEM of the simply supported beam. 

Area [m2] 0.100 
Shear Area [m2] 0.833 
Inertia [m4] 0.008 
Young’s Modulus [GPa] 27.000 
Poisson’s Ratio γ 0.250 

In order to calculate the bending and shear deformation in the middle node of the structure 
in this academic example with different height to span ratio, formulations based on 
Timoshenko beam theory is used. The value of bending vertical deflections, 𝑣𝑣𝑏𝑏  and shear 
vertical deflections 𝑣𝑣𝑠𝑠, in the node number 2 for the loading case is presented in Eq. (12), 
(13). To analyze the effect of the shear deflection at node number 2, a parametric analysis 
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is carried out. In this analysis, the length of the beam (L) varies from 0.1 to 10 meters while 
the height (h) remains constant. Fig. 4 illustrates how the slenderer beam, the lower the 
deformation is. As it is presented in Fig 4.a, the shape of the shear deflection variation is 
changing slowly when the ratio varies between1 to 10. In Fig 4.b, the ration between shear 
and bending deformation for different L/h ration are presented. 

𝑣𝑣𝑏𝑏 = 𝑉𝑉2∗𝐿𝐿3

48∗𝐸𝐸∗𝐼𝐼
 , 𝑣𝑣𝑠𝑠 = 𝑉𝑉2

4∗𝐴𝐴𝑣𝑣∗𝐺𝐺
∗ 𝐿𝐿 ,  (12), (13) 

 

Figure 4: Example 1. (a) Deformation due to bending and shear at the node number 2. (b) The ratio between shear 
and bending deformation at Node 2.  

In Fig. 4.b, the equal value of shear and bending deformation is gained when the ratio of 
L/h is 2. In addition, it is to say that the ratio of shear deformation varies from 0.99 to 0.03 
where the length to height ratio is between 0.1 to 10. This analysis illustrates the shear 
deformation in not negligible in beams with a small span to deep ration, so neglecting of 
measuring the shear deformation, may cause errors in the estimation of structural 
parameters of structures.  

3.2 Example 2: cantilever beam with a concentrated load 

Consider a cantilever beam with the same properties and cross-section as in Example 1 
modeled with a single beam element and two nodes as shown in Fig.5. Properties of this 
simply supported beam are listed in table 1. The boundary conditions of the structure are 
horizontal, vertical displacements and bending rotation are restricted in Node 1 (this is to 
say, u1=v1= wb1= 0) and the only external force applied is a concentrated vertical force in 
node 2 of 100kN (V2= 100kN).  

 
Figure 5. Example 2.  FEM for a cantilever beam. 

In order to calculate the bending and shear deformation in the node number 2 of the 
structure in this academic example with different height to span ratio, formulations based 
on Timoshenko beam theory is used. The value of bending vertical deflections, 𝑣𝑣𝑏𝑏  and 
shear vertical deflections 𝑣𝑣𝑠𝑠, in the node number 2 for the loading case is presented in Eq. 
(14) and Eq. (15). To analyze the effect of the shear deflection at node number 2, a 
parametric analysis is carried out. In this analysis, the length of the beam (L) varies from 



Design Dialogue Journal 2024, 01, 01                                                                                                                                                    22 
                                                                 

 

0.1 to 10 meters while the height (h) remains constant. Fig. 6 illustrates how the slenderer 
beam, the lower the deformation is. As it is presented in Fig 6.a, the shape of the shear 
deflection variation is changing slowly when the ratio between1 to 10 varying while the 
bending deformation growing faster than shear. In Fig 6.b, the ration between shear and 
bending deformation for different L/h ration are presented. 

𝑣𝑣𝑏𝑏 = 𝑉𝑉2∗𝐿𝐿3

3∗𝐸𝐸∗𝐼𝐼
 , 𝑣𝑣𝑠𝑠 = 𝑉𝑉2

𝐴𝐴𝑣𝑣∗𝐺𝐺
∗ 𝐿𝐿 ,  (14), (15) 

 

Figure 6: Example 2. (a) deformation due to bending and shear at the node number 2. (b) The ratio between shear 
and bending deformation at Node 2. 

In Fig. 6.b, the equal value of shear and bending deformation is gained when the ratio of 
L/h is 1. In addition, it is to say that the ratio of shear deformation varies from 0.99 to 0.02 
where the length to height ratio is between 0.1 to 10. This analysis illustrates the shear 
deformation in not negligible in beams with a small span to deep ration, so neglecting of 
measuring the shear deformation, may cause errors in the estimation of structural 
parameters of structures. 

4. Actual Vertical Deflection in Inverse Analysis 

Neglecting the shear deformation in the measured deflections may lead to significant errors 
in the inertia estimation by inverse analysis. A major concern in SSI methods in actual 
structures is related to the errors in measurements. As most SSI methods based on SMM 
are not able to consider the effects of shear, this phenomenon can lead to modeling errors. 
This is due to the fact that the vertical deflection on-site will not correspond with the one 
considered by the model (shear effects are neglected in the equations). Depending on the 
structure, these modeling errors can surpass measurement errors. These errors will appear 
even in noise-free measurements and they will affect the estimation of structural properties 
in SSI methods. To establish a guideline for different structural cases, a sensitivity analysis 
is developed in this section for the two previous structures (Example 1 and 2). In this 
analysis, the total vertical deflection (sum of shear and bending deflection) in different 
length to height ratio (1 to 10) is tested.  The effects of these errors in estimating the inertia 
in different structural cases (simply supported beam of example 1 and cantilever beam of 
example 3) can be seen in Fig. 7. The results of these analyses illustrate the cases where 
the calculation of shear effects in SSI methods is important.  
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Figure 7. Normalized values of observed inertia when actual vertical deflections are taken into account based on 
the length-to-depth ratio in SSI methods. 

Where the ratio of L/h is 3 (deep beam limitation by Eurocode EN) [33], the normalized 
value of estimated inertia (observed value divided by real value) for a simply supported 
beam and cantilever beams are 0.97 and 0.985 of real values, respectively. in addition, 
when the L/h ratio is 1, the normalized value of the estimation of inertia for a simply 
supported beam and the cantilever beams are 0.7 and 0.93, respectively. The results from 
Fig. 7 shows the fact that the effects of shear deformation on inverse analysis are even more 
important than in the direct one and these effects in the inverse analysis should not be 
neglected. 

6. Conclusion 

Structural System Identification (SSI) methods usually neglect deflections due to shear in 
their formulation as this phenomenon is usually less significant than the bending rotation. 
Despite the important role that this deflection might play in some structures, especially 
deep beams. To fill this gap, this paper presents the first study focused on analyzing these 
effects in the direct and inverse analysis. In order to show how important, the role of shear 
deformation might be, two different structures (a simply supported beam and a cantilever) 
with different length-to-height ratios are studied. In fact, these examples illustrate that the 
difference between Timoshenko’s theory and Euler-Bernoulli’s theory in terms of 
deflection is higher for members with low length-to-height ratio. Indeed, for deep beams 
ratio between the shear and bending deflection can be significant in favor of shear effects. 
For the first time in literature, the sensitivity of the SSI methods to this modeling error is 
performed. The study of this sensitivity analysis might provide some insight into which 
structures rotation due to shear should be taken into account and in which cases these 
effects can be neglected.  
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